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A SIMPLE CHARACTERIZATION OF GENERALIZED
ROBERTSON-WALKER SPACETIMES
BANG-YEN CHEN
Abstract. A generalized Robertson-Walker spacetime is the warped prod-
uct with base an open interval of the real line endowed with the opposite
of its metric and base any Riemannian manifold. The family of generalized
Robertson-Walker spacetimes widely extends the one of classical Robertson-
Walker spacetimes. In this article we prove a very simple characterization of
generalized Robertson-Walker spacetimes; namely, a Lorentzian manifold is
a generalized Robertson-Walker spacetime if and only if it admits a timelike
concircular vector field.
1. Introduction
An n-dimensional generalized Robertson-Walker (GRW) spacetime with n ≥ 3
is a Lorentzian manifold which is a warped product manifold I ×f F of an open
interval I of the real line R and a Riemannian (n − 1)-manifold (F, gF ) endowed
with the Lorentzian metric
g¯ = −π∗I (dt
2) + f(t)2π∗F (gF ), (1)
where πI and πF denote the projections onto I and F , respectively, and f is a
positive smooth function on I. In a classical Robertson-Walker (RW) spacetime,
the fiber is three dimensional and of constant sectional curvature, and the warping
function f is arbitrary.
A Robertson-Walker spacetime obeys the cosmological principle, i.e., it is spa-
tially homogeneous and spatially isotropic. As said before, GRW spacetimes widely
extend RW spacetimes and include, among others, the Lorentz-Minkowski space-
time, the Einstein-de Sitter spacetime, the Friedmann cosmological models, the
static Einstein spacetime and the de Sitter spacetime. GRW spacetimes obey the
well-known Weyl hypothesis, i.e., the world lines should be everywhere orthogonal
to a family of spacelike slices.
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Contrary to Robertson-Walker spacetimes, GRW spacetimes are not necessarily
spatially-homogeneous. Spatially-homogeneity is reasonable as a first approxima-
tion of the large scale structure of the universe, but it could not be appropriate when
one considers a more accurate scale. On the other hand, small deformations of the
metric on the fiber of classical RW spacetimes fit into the class of GRW spacetimes.
Further, GRW spacetimes appear as a privileged class of inhomogeneous spacetimes
admitting an isotropic radiation (cf. e.g. [14]).
GRW spacetimes have been investigated in [1, 2, 3, 4, 7, 12, 13, 14, 15] among
others. In particular, a global characterization of GRW spacetimes in term of a
timelike and spatially conformal vector field satisfying certain natural conditions
was obtained by M. Sa´nchez in [14]. Also, several characterizations of GRW space-
times in term of timelike gradient conformal vector fields were established by M.
Caballero, A. Romero and R. M. Rubio in [4].
A. Fialkow introduced in [8] the notion of concircular vector field on a Riemann-
ian manifold M as a vector field v which satisfies
∇Xv = µX (2)
for vectors X tangent to M , where ∇ denotes the Levi-Civita connection of M
and µ is a function on M . Observe that a vector field v satisfying (2) is conformal
with Lvg = 2µg, where g is the metric tensor. Moreover, if ω denotes the 1-form
metrically equivalent to v, then dω = 0. In particular, if v has no zero, in the
Riemannian case, or it is timelike in the Lorentzian case, the distribution v⊥ is
always integrable.
Concircular vector fields are also known as geodesic fields in literature since
unit speed integral curves of such vector fields are geodesics. Concircular vector
fields appeared in the study of concircular mappings, i.e., conformal mappings
preserving geodesic circles [17]. Concircular vector fields play an important role
in the theory of projective and conformal transformations. Such vector fields have
interesting applications in general relativity, e.g., trajectories of timelike concircular
fields in the de Sitter model determine the world lines of receding or colliding
galaxies satisfying the Weyl hypothesis [16].
The purpose of this article is to establish the following very simple characteri-
zation of generalized Robertson-Walker spacetimes in term of timelike concircular
vector field.
Theorem 1. A Lorentzian n-manifold with n ≥ 3 is a generalized Robertson-
Walker spacetime if and only if it admits a timelike concircular vector field.
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2. Proof of the theorem 1
For general references on pseudo-Riemannian submanifolds, we refer to [5, 6, 10].
Assume that M is a Lorentzian n-manifold with n ≥ 3. Suppose that M admits a
timelike concircular vector field. Let us put
v = ϕe1, (3)
where e1 is a unit timelike vector field in the direction of v. Let us extend e1 to an
orthonormal frame e1, e2, . . . , en on M so that e2, . . . , en are orthonormal spacelike
vector fields on M . Define the connection forms ωji (i, j = 1, . . . , n) by
∇Xei =
n∑
j=1
ǫjω
j
i (X)ej , i = 1, . . . , n, (4)
where ǫ1 = −1 and ǫ2 = · · · = ǫn = 1. From Cartan’s structure equations, we have
dωi = −
∑n
j=1 ǫjω
i
j ∧ ω
j for i = 1, . . . , n.
It follows from (2) and a direct computation that the curvature tensor R of M
satisfies
R(ei, v)v = ∇ei∇vv −∇v∇eiv −∇[ei,v]v
= (eiµ)v − (vµ)ei,
(5)
for i = 2, . . . , n, where µ is defined by (2). From (5) we get
e2µ = · · · = enµ = 0. (6)
Thus the gradient ∇µ of µ is a vector field parallel to v. From (2) with X = e1 and
(3) we find
µe1 = ∇e1(ϕe1) = (e1ϕ)e1 + ϕ∇e1e1,
which gives
e1ϕ = µ, (7)
∇e1e1 = 0. (8)
It follows from (8) that the integral curves of e1 are geodesics in M . There-
fore the distribution D1 = Span{e1} is a totally geodesic foliation, i.e., D1 is
an integrable distribution whose leaves are totally geodesic one-dimensional neg-
ative definite submanifolds of M . Let us define another distribution by putting
D2 = Span{e2, . . . , en}, i.e., D2 = v
⊥.
From (2) with X = ei (i = 2, . . . , n) and (3), we have
µei = ∇ei(ϕe1) = (eiϕ)e1 + ϕ∇eie1,
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which implies that
e2ϕ = · · · = enϕ = 0, (9)
ϕ∇eie1 = µei. (10)
From (4) and (10) we obtain
ω1i (ej) =
µ
ϕ
δij , 2 ≤ i, j ≤ n, (11)
where δij stands for the Kronecker delta function.
It follows from (11) that D2 is an integrable distribution whose leaves are totally
umbilical in M . Moreover, the mean curvature of the leaves of D2 is given by µ/ϕ.
Since leaves of D2 are spacelike hypersurfaces, it follows from (6) and (9) that the
mean curvature vector fields of leaves of D2 are parallel in the normal bundle in
M . Thus D2 is a spherical foliation, i.e., D2 is an integrable distribution whose
leaves are totally umbilical spacelike hypersurfaces with constant mean curvature.
Consequently, by a result of S. Hiepko [9] (or Theorem 4.4 of [5, page 90]) (see
also [11, Corollary 1]), we conclude that M is an open portion of a warped product
I ×f F , where f is a function on I, ∂/∂t = e1, and F is a Riemannian (n − 1)-
manifold. Therefore the sectional curvature of M satisfies
K(e1, ei) =
f ′′(t)
f(t)
(12)
for i = 2, . . . , n.
On the other hand, it follows from (3) and (5) that
ϕ2K(e1, ei) = v(µ) = ϕµ
′(t) (13)
for i = 2, . . . , n. Thus, after combining (13) with (7) and (12), we obtain
f ′′(t)
f(t)
=
µ′(t)
ϕ
=
ϕ′′(t)
ϕ(t)
.
Consequently, if we choose f(t) = ϕ(t), thenM is an open portion of the Lorentzian
warped product manifold I ×f F with f(t) = ϕ(t).
Conversely, let us consider a Lorentzian manifold which is a warped product
manifold of the form: I ×f F , where (F, gF ) is a Riemannian manifold so that
the metric tensor g¯ of I ×f F is given by (1) with f being a positive function on
I. Consider the timelike vector field given by v = f(t) ∂
∂t
. Then it follows from
Proposition 7.35(2) of [10, page 206] or Proposition 4.1 of [5, page 79] and a direct
computation that v satisfies condition (2) with µ = f ′(t). Therefore v is a timelike
concircular vector field. This completes the proof of Theorem 1.
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